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Let X denote a connected, locally path-connected, a-compact metric space. 9(X) is the 
hyperspace of all nonempty finite subsets of X, topologized by the Hausdorff metric. Let 8 denote 
a a-compact subspace of 9(X) with the property that, for E E 8 and FE 9(X) with E c F, FE 8. 
If X admits a Peano compactitication X, then 8 is a aZ-set in its closure % in the hyperspace 
2’, and g is a topological Hilbert cube. We show that 8 contains an fd-cap set (and is therefore 
a boundary set) for g if and only if the remainder X\X is locally non-separating in X. In 
particular, if X = X is a Peano continuum, then 9(X) is a boundary set for 2”. 
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1. Introduction 
Throughout this paper, X denotes a nondegenerate, connected, locally path- 
connected, a-compact metric space. 9(X) is the hyperspace of all nonempty finite 
subsets of X, topologized by the Hausdorff metric. Thus 9(X) is a dense subspace 
of the hyperspace 2x of all nonempty compact subsets. 8 denotes a nonempty 
cT-compact subspace of 9(X) with the following expansion property: if E E 8 and 
FE 9(X) with E c F, then FE 8’. We call 8 an expansion hyperspace. It was shown 
in [8] that 8 is always an AR, and that ZY is homeomorphic to the countable- 
dimensional linear metric space 1: = {( ti) E 1’: t, = 0 for almost all i} if and only if 
X is a-fd-compact (a countable union of finite-dimensional compacta). 
In this paper we consider situations in which 8 admits a natural compactification 
‘$? which is a topological Hilbert cube containing 55 as a boundary set. (A a-compact 
subset B of a Hilbert cube Q is a boundary set if there exist maps Q- Q\B 
approximating the identity map and Q\ B is homeomorphic to Hilbert space l2 [6]). 
Specifically, suppose X admits a locally connected compactification X, and consider 
the closure % of %’ in the hyperspace 2x. We show that e is an inclusion hyperspace 
of X which is a Hilbert cube (see Section 2), and that 8 is a boundary set for g if 
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and only if X\X is locally non-separating in X, i.e., for every connected open subset 
U of X, U n X is connected. Thus, in the case that X = X is compact, if % is a 
compact inclusion hyperspace of X such that 9(X) n %’ is dense in %, then ZZ is 
a Hilbert cube and 9(X) n X is a boundary set. In particular, 9(X) is a boundary 
set for 2x. 
2. Inclusion hyperspaces 
In this section Y denotes a nondegenerate Peano continuum, and x a nonempty 
compact subspace of 2 y with the property that, if GE % and HE 2y with G c H, 
then HE 2’. X is called an inclusion hyperspace of Y. Z’ is always an AR, and is a 
Hilbert cube if and only if there exist maps %+ Z\{ Y} approximating the identity 
map [4]. We use a convex metric d on Y, the corresponding Hausdorff metric p on 
2y, and the expansion homotopy n :2y x [0, 1]+2y defined by v(H, t) = 
{y E Y: d(y, H) s t}. 
B ‘+’ is the (n + 1)-ball, and S” its boundary. Let gJ(Sn) = {F E 9(S”): card F< 
3). 
2.1. Lemma [8]. For each n 2 1, there exists a map r: B”+‘+ S3(Sn) such that 
r(b)={b}foreach bES”. 
2.2. Proposition. If Xn 9( Y) is dense in ST’, there exist maps X+ XC-I 9( Y) 
approximating the identity map. 
Proof. Since %’ is an AR, there exist for each F >O a polytope P and maps 
f:~~P,g:P~~withp(gof;id)<~F.Weconstructamap~:P~~nn(Y)with 
p(g, g) <$E; then g of: Z+ En 9(Y) e-approximates the identity map. Since Y 
is locally path-connected, there exists 6 > 0 such that points in Y within 6 of each 
other are connected by paths with diameters less than +E. Assume P is subdivided 
so that diam g( 7) < $8 for each simplex T. 
For each vertex v E P, choose g(v) E Zn 9( Y) such that p(g( v), g’(v)) <$ Now 
consider a l-simplex a, with endpoints v,, v2 and barycenter 6. Set g( 6) = g( v,) u 
g’(vJ. Since p(g( v,), g( vz)) < 6, the choice of 6 implies that the elements g’( vi) and 
i( v,) u g( v2) of Xn 9( Y), i = 1,2, are connected by paths in Xn 9( Y) with 
diameters less than ;E. This permits an extension of g over u, with diam g( (T) < $F. 
In this fashion g is defined over the l-skeleton P’ of P, with diam f( T n P’) <;E 
for each simplex 7: 
The extension of g over the higher-dimensional skeleta of P is accomplished 
inductively by use of (2.1). For example, suppose T is a simplex of P for which g 
has been defined over bd T, and let r: T+ gx(bd T) be a map with r(b) = {b} for 
each b E bd T. Then for each x E T, set g”(x) = U {g(y): y E r(x)}. Clearly, this pro- 
cedure defines a map g: P + Xn 9( Y) such that diam g(7) <$E for each simplex 
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T. If z, is any vertex of T, we have p(g(x), g”(x))<-p(g(x), g(v))+p(g(v), g(v))+ 
p(g’(v),~(x))~46+~6+~~<~~. Thus p(g,g)<;s. q 
2.3. Corollary. If Xn 9( Y) is dense in X, then 2f is a Hilbert cube. 
Proof. There exist maps xe-, Rn 9( Y) c R\{ Y} approximating the identity 
map. q 
3. Expansion hyperspaces as boundary sets 
Henceforth we assume that X admits a Peano compactification X. (Such compac- 
tifications do not always exist; for example, no compactification of the metric cone 
over the integers can be locally connected). As usual, EC 5(X) denotes an 
expansion hyperspace, and 8 its closure in 2x. 
3.1. Proposition. % is an inclusion hyperspace of T? which is a Hilbert cube, and there 
exist maps ‘% %\%Y approximating the identity map. 
Proof. Suppose GE %’ and HE 2x, with G c H. There exists a sequence {H,,} in 
9(X) converging to H, and a sequence {G,} in 8 converging to G. Set F,, = G, u H,,. 
Then {F,,} is a sequence in 8 converging to G u H = H, and HE g. Thus g is an 
inclusion hyperspace. Since En 9(X) 3 8 is dense in g, (2.3) implies that % is a 
Hilbert cube. The restrictions to $? of levels of the expansion homotopy n : 2’ x 
[0, l] + 2x near the identity level give maps g + %\9(X) c %\ g approximating the 
identity map. 0 
A closed subset A of a metric space M is called a Z-set if there exist maps 
M + M\A approximating the identity map (with respect to arbitrary open covers 
of M). A aZ-set is a countable union of Z-sets. In particular, a a-compact subset 
B of a Hilbert cube Q is a UZ-set if and only if there exist maps Q + Q\B 
approximating the identity map. For Q = n: [ -1, 11, Anderson [l] and Toruncyzyk 
[lo] showed that the countable-dimensional aZ-set Qr= {(xi) E Q: x, = 0 for almost 
all i} has the following jinite-dimensional compact absorption property: for every 
V-Z-set B c Q which is a countable union of finite-dimensional compacta, there exist 
self-homeomorphisms of Q approximating the identity and taking Qr onto Qru B. 
(Anderson used this, and the analogous property for the subspace 1;~ 12, to show 
that Qr and 1: are homeomorphic. For published proofs, see [3]). 
Any subspace of Q topologically equivalent to Qr under a space homeomorphism 
is called an fd-cap set. Anderson gave an example of an fd-cap set for Q with 
complement homeomorphic to Hilbert space; thus every fd-cap set is a boundary 
set. This implies that every aZ-set in Q containing an fd-cap set is a boundary set 
(but not conversely-see [6]). 
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The above proposition says that an expansion hyperspace 8 is always a PZ-set 
in its closure g = Q. Our main theorem characterizes those situations in which E is 
a boundary set for g. In general, an AR aZ-set B c Q is a boundary set if and only 
if B is map-dense in Q, i.e., there exist maps Q + B approximating the identity map 
[61. 
3.2. Theorem. The following are equivalent: 
(i) 8 contains an fd-cup set for g; 
(ii) ‘8 is map-dense in %-; 
(iii) X\X is locally non-separating in X. 
Remark. It was shown in [5] that a connected metric space X admits a Peano 
compactification X with locally non-separating remainder X\X if and only if X 
admits a metric with Property S (i.e., a metric with respect to which X can be 
finitely covered by arbitrarily small connected sets). 
Proof (beginning). Since Qr is map-dense in Q, (i) implies (ii). Suppose that 8 is 
map-dense in $?. We show that for every connected open subset U of X, U n X is 
connected. It suffices to construct an open base Ou for X such that U n X is connected 
for each U E %. Let an open neighborhood V of a point y E X be given; we may 
assume V is connected. Pick E E 8 such that E n V # 0. Clearly, there exists an arc 
in V containing y and intersecting E in a single point. Taking a small neighborhood 
of such an arc, we may obtain a connected open set U in X such that y E U c V, 
bd U n E = 0, and U n E = {p} for some point p. We claim that U n X is connected. 
ForanyxEUnX,thereexistsapatha:[O,l]~Uwitha(O)=panda(l)=x.Let 
6 : [0, l] + g be the path defined by cy^( t) = E u m(t). Thus G(O) = E, i(l) = E u {x}, 
p E g(t), and 6(t) n bd U = 0 for all t. Choose a map 77 : if? + 8 sufficiently close to 
the identity map that v(&(t))n UZ0 and n( &( t)) n bd U = 0 for all t. Consider 
the map A:[O, 1]+5(UnX) defined by A(t)=T(G(t))n U. Let N(p) and N(x) 
be connected neighborhoods of p and x in U n X. We may assume also that the 
map n was chosen so that A (0) c N(p) and A (1) n N(x) # 0. Consider the compac- 
turn K = U{A (t): 0 G t s l} c U n X. K intersects N(x), and since each component 
of K must intersect A (0) c N(p), it follows that x and p lie in the same component 
of U n X. Thus U n X is connected, and (ii) implies (iii). 
The proof that (iii) implies (i) is begun in Section 4. Note that when the conditions 
of (3.2) hold, the boundary set 8 is an fd-cap set for % if and only if %Y is 
cT-fd-compact, which is equivalent to X being a-fd-compact [8]. 
3.3. Corollary. If X is a Peuno continuum, and 5%‘~ 2x is a compact inclusion hyper- 
space such that 2fn 9(X) is dense in SY, then 2fn S(X) is a boundary set containing 
an fd-cup set for the Hilbert cube SY. 
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Proof. Since 8 = %‘n 9(X) is an expansion hyperspace, with ‘G? = %?, the result 
follows from (3.1) and (3.2). 0 
With %’ = 2x, the corollary says that for every Peano continuum X, 9(X) contains 
an fd-cap set for 2x. 
A CZ-set E c Q is called a cap set if for every aZ-set Bc Q, there exist self- 
homeomorphisms of Q approximating the identity and taking 2 onto E u B (see 
[3]). Thus, every aZ-set containing a cap set is itself a cap set, and all cap sets are 
topologically equivalent under space homeomorphisms. For Q = n: [-1, 11, Ander- 
son [l] showed that both E = {(xi) E Q: sup\xil < 1) and B(Q) = {(x,)E Q: lXil= 1 for 
some i} are cap sets. Since Q\B(Q) = n: (-1, 1) = I’, every cap set is a boundary set. 
We do not have any set of conditions on X and X which would be both necessary 
and sufficient for the expansion hyperspace 8 to be a cap set for 2. In Section 6 
we give a particular sufficient condition which is satisfied if either X = Q or 
(X, X) = (0,x). 
4. Deformations through towers 
Let (Bi) be a tower of subsets in Q. We say that Q deforms through (Bi) if there 
exists a deformation h : Q x [0, l] + Q with h 1 Q x (0) = id and such that for each 
t > 0, h( Q x [t, 11) c Bi for some i. The tower ( Bi) is expansive (respectively, jinitely 
expansive) if for each i there exists for some j > i an imbedding ei : Bi x Q + B, with 
e, 1 Bi x {p} = id for some p E Q (respectively, an imbedding ei : B, x [0, l] + Bj with 
ei 1 Bi x (0) = id). 
4.1. Theorem [6]. Let Bc Q be a WZ-set. Then: 
(i) B is an AR boundary set if and only if Q deforms through B; 
(ii) B contains an fd-cap set if and only if Q deforms through a finitely expansive 
tower in B; 
(iii) B is a cap set if and only if Q deforms through an expansive tower in B. 
Assuming that X\X is locally non-separating in X, we use part (ii) of the above 
theorem to show that the expansion hyperspace 8 contains an fd-cap set for g, 
thereby completing the proof of (3.2). We will construct in 8 a finitely expansive 
tower ( ZYi) with the following mapping approximation property: for each i, for every 
map f: (K, L) + (e, 5&) of a polyhedral pair, and for every E > 0, there exists for 
somej>iamapg:K~~jwithp(f,g)<EandflL=gIL.Thispropertywasshown 
in [6] to be sufficient for the construction of a deformation of the Hilbert cube %? 
through the tower (E,). 
If a metric d for a connected, locally path-connected space has the property that 
d(x, y) = inf{diam (Y: LY is a path between x and y} for all x, y, we call d a path-length 
metric. It is easily seen that such metrics exist for all connected, locally path- 
connected metrizable spaces. 
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4.2. Lemma. If x\X is locally non-separating in X, then every path-length metric for 
X restricts to a path-length metric for X. 
Proof. Let d be such a metric for X, and consider x, y E X. For arbitrary F > 0 there 
exists a path (Y in X between x and y with diam (Y < d (x, y) +is. Let U be a 
connected open neighborhood of (Y in X, with diam U < diam (Y + $.s. By hypothesis, 
the relatively open set U n X is connected, and since X is locally path-connected, 
U nX is path-connected. Choose a path p in U nX between x and y. Then 
diam p G diam U < d (x, y) + e, and d is a path-length metric for X. 0 
4.3. Lemma [8]. Let d be a path-length metric for X, and {xi} a sequence in X. Then 
there exists a tower (Ti) offinite connected graphs in X, with xi E ri, such that for all 
x, y E I; there exists a path a in r,,, between x and y with diam (Y < d(x, y) + l/i. 
Continuation of proof of (3.2). Assuming that X\X is locally non-separating in X, 
we construct a finitely expansive tower ( %Yi) in E with the mapping approximation 
property. Let 9 c ‘8 be a countable dense subset, and choose a sequence {xi} in X 
with range equal to IJ 9. Let d be a path-length metric for X (for example, a 
convex metric); by (4.2), the restriction of d to X is also a path-length metric. Let 
(ri) be a tower of graphs in X with the properties specified by (4.3). For each i let 
si(ri) = {FE 9(ri): card F s i}, and consider the tower (Et) defined by 8, = @Y n
si(ri). Note that 9 c IJy 8,. 
The finitely expansive character of ( Si) will be demonstrated in Section 5; here, 
we verify the mapping approximation property. Let f: K + 8 be a map of a polytope 
K, with subpolytope L such that f (L) c ‘STi for some i, and E > 0. Assume a subdivision 
of K such that diam f ( T) <he for each simplex T. Define g : K” + 9 u Zfi over the 
O-skeleton of K so that f 1 Lo = g 1 Lo and p( f (v), g(v)) C&E for each vertex v. Since 
K” is finite and 9 c IJy 8,, g( K”) c gj for some j > i, and we assume that l/j < &s. 
Now consider a l-simplex u of K\L, with endpoints v,, v2 and barycenter 6. Set 
g(G) = g( v,) u g( vJ. Since p(g( v,), g( v,)) < ia, it follows from the path property of 
the tower (I’,) that there exist paths in 9zi(I’i+,) between g(6) and g(vi), i = 1, 2, 
with diameters less than is. Using such paths, we obtain a map g : K’+ 8, of the 
l-skeleton, with f 1 L’ = g 1 L’ and 
o(f(p), g(p))sdiamf(o)+o(f(v), g(v))+diam g(o) 
where u is a l-simplex containing p, and v is an endpoint of V. Note that for each 
simplex T of K, diam g(Tn K’) < 3(ie) =$e. 
Using (2.1), we inductively extend g over the higher-dimensional skeleta of K, 
thereby obtaining a map g: K + Sn(rj+,), where n = 2j. 3dimK’1, with f 1 L= g 1 L 
and diam g(r) < $E for each simplex T. Then p(f, g) S&E +&E +$E < E, and since 8 
is an expansion hyperspace, g(K) c 8,. Thus the tower (8i) has the mapping 
approximation property. 0 
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5. Finitely expansive towers in 9(r) 
For a finite connected graph r, let si(r) = {FE .9(r): card F s i}. We show that 
the tower (si(r)) is finitely expansive. 
5.1. Proposition. For each i there exists for some j > i an imbedding ei : .!Fi(r) x 
[0, l]+ sj(r) such that e,(F, 0) = F and ei(F, t) 1 Ffor all F, t. 
This result obviously implies that the tower ( gi) = (8 n 9,(ri)) constructed in Section 
4 is finitely expansive, thus completing the proof of (3.2). 
The following lemma will be used in the proof of Proposition 5.1. 
5.2. Lemma. For nonzero real numbers r, s, and t, the equation r + 2” . s = 2” . t has 
at most two solutions in integers m and n. 
Proof. Dividing by t, we may assume that t = 1. We consider the case s> 0; the 
argument for s < 0 is similar. Suppose then that r + 2”~ . s = 2”1, i = 1,2,3, for integers 
m, < m, < m3 and n, < n2 < n3. Solving for s from the first two equations, we obtain 
Thus s is rational, and the power of 2 in its factorization is 2”1-“1. The same argument 
using the last two equations shows that 2 “~-~2 is the power of 2 in the factorization 
of s. Hence n, - m, = n2 - m,; n2 - n, = m2 - m,; s = 2”-“I; and r = 2”1- 2”1 . s = 0, 
contrary to hypothesis. 0 
Proof of Proposition 5.1. Let i be given. Subdividing each edge of r into 2i + 1 
edges, we may assume that for each FE 9i(r) there exist adjacent edges (T and T 
of r such that F n u = 0, F n T # 0, and no other edge contains the vertex v = u n r. 
Let d be the shortest path-length metric on r, with unit length for each edge. Let 
m be the maximum order of vertices in r, and set j = i(l+ m(5i+ 1)). 
The desired imbedding e: si(r) x [0, l]+ sj(r) is defined by the formula 
e(F,t)=Fu{pEr:for some XEF and some k=1,...,5i+l, d(p,~)=t/2~}. 
Clearly, e is a map satisfying e( F, 0) = F and e( F, t) 2 F for all F, t. We claim that 
e is one-to-one. Consider (F,, t,) f ( F2, tJ. If t, = 0 = t2, then e( F,, t,) = Fl # F2 = 
e(F,, t2). If t, = 0 and t,> 0, then e(F,, t,) = F, contains at most i points, while 
e( F2, t2) contains at least 5i + 2 points. Thus we may suppose t, > 0 and t, > 0. If 
F, = F2 = F, pick adjacent edges u and r of r such that F n u = 0, F n r # 0, and 
no other edge contains the vertex v = u n r. Let x be the point of F n r nearest v. 
If t, < t2, let p be the point of the arc uu T which lies on the same side of x as v 
and such that d(p, x) =itZ. Clearly, p E e( F, t,)\e(F, t,). Now suppose there exists 
x E F,\F,. Let u be an edge of r containing x, and (Y a subinterval of u with length 
at least ; and having x as one of its endpoints. Then for each YE F,, Lemma 5.2 
implies that the intersection of the sets 
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and 
contains at most four points (when y E cy, the intersection may possibly contain 
points on either side of y). Thus a,ne(F,,t,)=U{(y,n(~,:y~F,}u(cu,nF,) 
contains at most 5i points. Since (Y, has Si + 1 points, cr,\e(F,, tr) # 0, and since 
LY, c e(F,, t2), e(F,, t,)\e(F,, tr) # $3. This completes the verification that e is an 
imbedding. 0 
We do not know whether (5.1) holds with r replaced by an arbitrary Peano 
continuum. 
6. A sufficient condition for cap sets 
We say that a hereditary class of compacta % c 2x is expansive if for each C E % 
there exists an imbedding @ : C x Q + X such that @ 1 C x {p} = id for some p E Q 
and im @E %‘. 
6.1. Proposition. Suppose X\X is locally non-separating in X, and suppose there exists 
an expansive class V c 2x which is closed under$nite unions and such that every arc 
in X is approximable by arcs which are membersaof % and have the same endpoints. 
Then every expansion hyperspace 8 is a cap set for %? 
Proof. Let d be a path-length metric for X. Choose a countable dense subset 9 c %‘, 
and a sequence {xi} in X with range equal to lJ 9. We will construct an expansive 
tower (Xi) in X, with xi E Xi, and such that for all x, y E Xi, there exists a path (Y 
in Xi+, between x and y with diam (Y < d(x, y)+ l/i. Then the tower (Si) in ‘8, 
defined by gi = {E E %: E c X,}, will have the mapping approximation property, by 
the same argument as in Section 4. Thus, g will deform through (gi). And since 
(Xi) is expansive, so is (‘8,). (If f: X, x Q + X, is an imbedding with f 1 Xi x {p} = id, 
define an imbedding $J : Zr x Q + gj by the formula 4 (E, q) = U {f (x, q): x E E} u 
E.) It will follow from Theorem 4.l(iii) that 8 is a cap set for g. 
We obtain the tower (X,) by an inductive construction. Take X, = {x,}, and 
suppose that X, = * . . c X, have been chosen such that the stipulated conditions 
are satisfied and Xi is a locally connected member of %. Then Xi is uniformly locally 
path-connected, and there exists B > 0 such that for all x, y E Xi with d (x, y) < F, 
there exists a path in Xi between x and y with diameter less than 1/5i. Let F c Xi 
be a finite E-net. Since the restriction of d to X is a path-length metric, we may 
select for each pair rr = {y,, y,,} of points in F an arc a( V) in X between y, and 
y,, with diam a( rr) < d(y,, y,) + 1/5i. By hypothesis on Ce we may assume that 
(Y(V) E %. Let A = U {o(n): all pairs r} be the union over this finite collection of 
arcs. Let @ : Xi x Q + X be an imbedding with @ 1 Xi x {p} = id and im @ E %?. Then 
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set Xi+, = {xitl} u Au im 0. It is easily seen that Xi+, is a locally connected member 
of % satisfying all required conditions. Cl 
6.2. Corollary. If either X = 1 c Q = _% or X = Q, every expansion hyperspace 8 is a 
cap set for GY, 
Proof. For the case X = 2, take % = 22. If X = Q, take (e to be the class of Z-sets 
inQ. 0 
7. Strong Z-sets in expansion hyperspaces 
It was shown in [8] that every expansion hyperspace g of a connected, locally 
path-connected, a-fd-compact metric space is homeomorphic to the countable- 
dimensional linear space I:. The proof involves an application of Mogilski’s 
$characterization theorem [9], which gives necessary and sufficient conditions for 
a cT-fd-compact metric AR space M to be homeomorphic to 1:. One of the necessary 
conditions is that every compactum in M be a Z-set, and this condition was verified 
in [8] for M = 8. Recently, it has been discovered [2] that this condition must be 
replaced by a strictly stronger condition: every compacturn must be a strong Z-set 
(definition given below). In this section we verify the stronger property for all 
expansion hyperspaces, thus revalidating the theorem of [8]. 
In [6] it is shown that for Y a a-compact metric AR, Y x Q = 1 if and only if 
every compacturn in Y is a strong Z-set. Thus, we obtain also the result that 
% x Q = 2 for every expansion hyperspace 8. 
7.1. Definition [2]. A closed subset A of a metric space M is a strong Z-set if for 
each open cover % of M there exists a map f: M + M limited by % such that 
f(M)nA=@ 
7.2. Lemma. Let A be a topologically complete, closed subset of a metric ANR space 
M, and suppose A is a countable union of strong Z-sets. Then A is a strong Z-set. 
Note. The Z-set analogue of this lemma was proved in [7]. 
Proof. Let A = UT A, with each Ai a strong Z-set. Choose a complete metric d for 
A; since A is closed, d may be extended to a metric for M. Let an open cover % 
of M be given. We may inductively choose a sequence of open covers QO= %, Ou,, 
0112, . . . of M and a sequence of maps fi, f2,. . . of M into itself satisfying the 
following conditions for each i 2 1: 
(i) %i is a star-refinement of a,_,; 
(ii) mesh 5!& < 2-‘; 
(iii) J; is limited by ai; 
(iv) there exists a closed neighborhood Bi of A, such that for each j 2 i, the 
closure of (fi 0 . . . of;)(M) is disjoint from Bi. 
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Since M is an ANR, there exists for each i an open refinement ‘Vi of Qi such that 
each map of M limited by ‘Vt is %i-homotopic to the identity map. By initially 
choosing J; to be limited by Vi, and then using such a OU,-homotopy, we may assume 
also that each f; satisfies the following condition: 
(v) J; is supported on the l/i-neighborhood of A,. 
We claim that for each x E M there exists i such that for each j > i, (J; 0 . . . of,)- 
(x)=(f;o*.* of,)(x). For if not, the Cauchy sequence _/-r(x), f2(f,(x)), . . . must 
converge to some a E A, by condition (v) and the fact that A is complete. Then 
a E Ai for some i, but this contradicts condition (iv). Thus f= limi,, (f; 0 . . . ofi) 
is a well-defined map of M, and conditions (i) and (iii) imply that f is limited by 
%. Since (iv) implies that f(M) n Bi = 0 for each i, we have that f(M) is disjoint 
from the neighborhood IJy B, of A, hence f(M) n A = 0. 
7.3. Proposition. Let 8 be an expansion hyperspace of a connected, locally path- 
connected, u-compact metric space X. Then every compactum in g is a strong Z-set. 
Proof. Let Ytc %’ be a compactum. Since %,,,(X)\%,,_,(X) ={FE 9(X): card F= 
m} is an F,-set in 9(X), YC can be expressed as a countable union of compacta, 
YC = UT YC,, such that for each n all members of Yt, have the same cardinality. By 
Lemma 7.2 it suffices to show that each YC, is a strong Z-set. Thus we may assume 
that for some n, card K = n for each K E YC. Then &= 
min{d(x, y): x, y E K E YL, x # y} > 0. Choose 0 < 6 G fs such that for each x E IJ YC 
and y E N,(x) c X, there exists a path in NC/a(x) between x and y. 
Choose a star-finite open cover + = { 011,, 011*, . . .} of g, with mesh st I,/I < 46. Let 
P = nerve I+II, and (Y : 8 + P a barycentric map. By Lemma 3.7 of [8], the subspace 
9 = {E E %: E is not contained in any member of YC} is dense in 8. Note that 9 
has the expansion property and is disjoint from Yt Construct a map f: P+ 9 by 
choosing f( v,) E 021, n 9 for each i, where vi is the vertex of P corresponding to 
Qi E +!I, and then extending to a full realization of P in 9, as in the proof of 
Proposition 2.2. Let g: 8+ 9 c g\Yt be the composition g = f 0 CY. By using a 
sufficiently fine open cover +, we can obtain such a map g which is limited by any 
prescribed open cover of 8. 
We verify that g(g) n X = 0. Since the cover I/J is star-finite and 3% is compact, 
the subset Y = {E E 8: E E 021, for some Ou, intersecting Yt} intersects only finitely 
many members of (lr. Then the image g(Y) =f( a(Y)) lies in a compact subset of 
9, and is therefore bounded away from YC. Thus, we need only consider g( %‘\Y). 
Let p = min{dist( “lli, Yt): %i n Yt = 0) > 0, and set n = min{p, $}. 
We claim that for each E E %?\5f, p(g( E), YC) 2 77. Assume for convenience of 
notation that {%,, . . . , 021,}={%,~$: EE%,}. Then QinX=O and dist(Qi,YC)an 
for each i = 1, . . . k. The point a(E) E P lies in the simplex (v,, . . . , vk) corresponding 
to {Q,, . . .) Qk}. By the construction of the realization f: P + 9, f(q) E Qi for each 
i, and g(E) =f(a(E)) xf(vi) for some i = 1,. . . , k. Suppose that for some K E YC, 
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p(g(E),K)<n. Then for some i as above, f(q)cg(E)cN,,(K)cX. Since 
K,, of K. Since n G $5 and diam{f( q), . . . ,f(uk)}4meshst 1,!1<f8, we havef(v,)c 
N28,3( K,) for each j = 1, . . , k. By the construction of f and the choice of 8, 
g(E) =f( (Y (E)) c NE,4( K,). Thus, if m = card K,, g(E) c X is covered by m metric 
balls in X with diameters less than 4~. Since m < card K, and since min{d(x, y): x, y E 
K,x#y}~~,wemusthaveg(E)nN,,,(x)=0forsomex~K.Thusp(g(E),K)~ 
$E > 6 > 7, contradicting the supposition that p(g(E), K) < 7. This completes the 
argument that g( E’) n X = 0. 
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